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Abstract
Consistency relations for chaotic inflation with a monomial potential and natural inflation and
hilltop inflation are given which involve the scalar spectral index ns, the tensor-to-scalar ratio r and
the running of the spectral index α. The measurement of α with O(10−3) and the improvement in
the measurement of ns could discriminate monomial model from natural/hilltop inflation models.
A consistency region for general large field models is also presented.
PACS numbers: 98.80.Cq, 98.80.Es
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I. INTRODUCTION
The possible detection of the primordial B-mode [1] has changed the landscape of models
of inflation. The scene has completely changed from small inflation models to large field
inflation models, although the plot thickens [2]. Awaiting for the polarization results by
Planck, in the meantime, we may entertain the possibility of large field inflation and shall
speculate on the way to further narrow down the models of inflation. Then the analysis
would be inevitably model-dependent. However, we would like to minimize the dependence
on model parameters. So, we consider a relation which a given (single field) inflation model
predicts independent of model parameters, in the same spirit as the single-field inflationary
consistency relation [3].
II. CONSISTENCY RELATIONS FOR LARGE FIELD INFLATION
Large field models of inflation inhabit the region where the scalar spectral index is red
ns < 1 and the tensor-to-scalar ratio is relatively large r & 0.1 [5]. Chaotic inflation with a
monomial potential [6] and natural inflation [7] are typical examples of (single field) large
field inflation. So, we attempt to derive consistency relations for these models which hold
independent of model parameters. 1 We use the units of Mpl = 1/
√
8πG = 1.
A. Monomial Potential
First, we consider chaotic inflation with a monomial potential:
V = λφn, (1)
where we assume φ > 0 and the power index n(> 0) needs not be integer and can be
fractional (or real) number like 2/3 as in axion monodromy inflation model [8]. In any case,
n is a constant and can be written as n = d lnV /d lnφ. Differentiating n with respect φ, we
1 A similar attempt was made in [4], but there the relation for chaotic inflation was limited to a quadratic
potential (or depends on the power index) and the relation for natural inflation depends on the model
parameter.
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have
φ =
V V ′
V ′2 − V V ′′ , (2)
where V ′ = dV/dφ, and so on. Further taking the derivative, we obtain
V V ′2V ′′ − 2V 2V ′′2 + V 2V ′V ′′′ = 0 . (3)
In addition, since we assume φ > 0 (and hence V ′ > 0), from Eq. (2) we require
V ′2 − V V ′′ > 0 . (4)
In terms of the slow-roll parameters
ǫ ≡ 1
2
(
V ′
V
)2
, η ≡ V
′′
V
, ξ ≡ V
′V ′′′
V 2
, (5)
these relations Eq. (3) and Eq. (4) can be rewritten as
2ǫη − 2η2 + ξ = 0 and 2ǫ > η . (6)
Using inflationary observables related to the slow-roll parameters, the scalar spectral index
ns, the tensor-to-scalar ratio r and the running of the spectral index α
ns − 1 = −6ǫ+ 2η, r = 16ǫ, α = dns
d ln k
= 16ǫη − 24ǫ2 − 2ξ , (7)
Eq. (6) become relations among observables 2
α = −(1− ns)2 + 1
8
r(1− ns) and 1− ns > 1
8
r , (8)
which we call consistency relations for monomial chaotic inflation which may be reminiscent
of the consistency relation for a single field inflation [3]. The second inequality implies the
red spectrum: ns < 1. Note that Eq. (8) holds for chaotic inflation with a monomial
potential irrespective of the power index n.
2 We note that the prediction of the running might have been changed if there had been an additional
(dynamical) light field during inflation [9].
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B. Natural Inflation
Next, we consider natural inflation
V = V0
(
1− cos
(
φ
f
))
, (9)
where we assume 0 < φ < πf and f is the decay constant and V0 is related with the breaking
scale of the global symmetry for axion. For f ≫ 1 the potential becomes indistinguishable
from a quadratic potential.
V0 can be written as
V 20 = (V + f
2V ′′)2 = (fV ′)2 + (f 2V ′′)2, (10)
and f can be written as f 2 = −V ′/V ′′′. Hence, using the slow-roll parameters, we obtain a
relation
4ǫ2 − 4ǫη + ξ = 0. (11)
Moreover, since V ′ > 0 and V ′′′ < 0, ξ < 0 is required. Then, in terms of observables, we
obtain relations
α =
1
32
r2 − 1
4
r(1− ns) and α > 3
32
r2 − 1
2
r(1− ns) (12)
which we call consistency relations for natural inflation. Note that Eq. (12) holds for
natural inflation irrespective of the value of f . Note that the inequality is saturated when
α = −r2/32 which corresponds to the relation for a quadratic potential. We also note that
the second inequality can also be derived from the inequality
r < 4(1− ns) , (13)
which follows from cos (φ/f) = η/(2ǫ− η) < 1.
C. Extra Natural Inflation
The potential of extranatural inflation [10] is given by
V (φ) = V0

1−
∞∑
n=1
cos
(
nφ
f
)
n5

 . (14)
4
For simplicity, following [11], we neglect the higher n-terms for n ≥ 2 to calculate V, V ′ and
V ′′ for both ǫ and η since they are suppressed by 1/n5, 1/n4 or 1/n3, but we include higher
order terms to calculate V ′′′ (and higher derivatives). Then ξ is given approximately by [11],
ξ =
[
ln
(
φ
f
)
− 1
] (
φ
f
)
sin
(
φ
f
)
f 4
[
1− cos
(
φ
f
)]2 , (15)
where
cos
(
φ
f
)
=
η
2ǫ− η , (16)
and cos
(
φ
f
)
< 1 gives the same condition as (13) under this approximation. From Eq.
(15) and Eq. (16) together with f−2 = 2(ǫ − η), ξ is written as a function of ǫ and η, and
hence we obtain a relation among ns, r and α which is too complicated to show here. Note
that the prediction of r = 16ǫ could roughly have a 10 % error at most because |∆r/r| =
|∆ǫ/ǫ| ∼ 2|∆V ′/V ′| ∼ Σ∞n=2 2n4 sin(nφ/f) ≪ 1/23. The validity of this approximation was
checked in detail by Ref.[11].
D. Hilltop Inflation
We can also derive a consistency relation for hilltop [12] (or symmetry breaking [13])
inflation
V (φ) =
λ
4
(
φ2 − v2)2 . (17)
For φ≫ v, the potential becomes a quartic potential. A simple calculation gives
3ǫ2 − 3ǫη + ξ = 0. (18)
Moreover, since 9V ′V ′′′ − 6V ′′2 = −6λ2(3φ2 + v2)v2 < 0, we have an inequality
ξ − 2
3
η2 < 0 . (19)
In terms of α, r and ns, consistency relations become
α =
3
64
r2 − 5
16
r(1− ns) and α > −1
3
(1− ns)2 + 3
64
r2 − 1
4
r(1− ns) . (20)
Note that the inequality is saturated at α = −(3/256)r2 which precisely corresponds to the
relation for a quartic potential.
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In Fig. 1, we show these relations in (r, α) plane for 0.955 < ns < 0.965 which should be
possible by measurements by Planck [14]. The shaded regions (blue, green, red, orange) are
the relations for monomial potential, natural, extranatural, symmetry breaking potential,
respectively. For each region, the upper (lower) curve is for ns = 0.965(0.955). The middle
solid curves are for ns = 0.96. Blue dashed curved are for n = 2/3, 2 from left to right, and
green or red dashed curves are for f = 7, 10 from left to right, although for f = 10 green
dashed curve almost coincides with red dashed curve. In Fig. 2, we also show the relations
for for ns = 0.96± 0.001 which might be possible by future observations of the fluctuations
of the 21 cm line of neutral hydrogen [15].
The current constraint on α from Planck is α = −0.019 ± 0.010 [16]. The measurement
of α with the precision of O(10−3), which would be possible [15] by future observations of
the 21 cm line by SKA [17] or by Omniscope [18], could discriminate chaotic inflation with a
monomial model from natural/extranatural/hilltop models. Further, the measurement of α
with a precision of O(10−4), which would be possible [15] by measurements by CMBPol [19]
combined with Omniscope [18] , could discriminate natural inflation from hilltop inflation.
E. More General Large Field Models
For more general models, firstly we need to define the large field model. Following [5],
we define the large field model by
0 < η < 2ǫ, (21)
where the first inequality follows from the convexity of V : V ′′ > 0 3 and the second inequality
from the exponential function (power-law inflation). In this case, α is limited by
− 3
32
r2 − 2ξ < α < 1
32
r2 − 2ξ. (22)
The inequality involves an unknown parameter ξ. However, since ξ is the second order slow-
roll parameter, it may be at most of O(N−2) ∼ O(10−3), where N ∼ 50 ∼ 60 is the e-folding
number during inflation. Therefore, if we vary ξ from −10−3 to 103, the region bounded by
− 3
32
r2 − 2× 10−3 < α < 1
32
r2 + 2× 103, (23)
3 Therefore, a monomial φn with n < 1 is no longer a large field model, according to this definition.
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Figure 1: Consistency relations for 0.955 < ns < 0.965 in (r, α) plane. The shaded regions
(blue, green, red, orange) are the relations for monomial, natural, extranatural, symmetry breaking
potential, respectively. For each region, the upper (lower) curve is for ns = 0.965(0.955). The
middle solid curves are for ns = 0.96. Blue dashed curved are for n = 2/3, 2 from left to right, and
green or red dashed curves are for f = 7, 10 from left to right.
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Figure 2: Same as Fig. 1 but for ns = 0.96 ± 0.001.
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Figure 3: Consistency region for general large field models for |ξ| < 10−3. The consistency relations
for monomial and natural inflation in Fig. 1 are also shown.
is the allowed region for general large field models defined by Eq. (21). The region is shown
in Fig. 3 together with the consistency relations for monomial and natural inflation shown
in Fig. 1. In any case, the measurement of α with the precision of O(10−3) is required to
probe the region. Conversely, the measurement of |α| > 3×10−3 would refute the large field
models defined by Eq. (21).
III. SUMMARY
We have provided consistency relations for chaotic inflation with a monomial potential
Eq. (8), for natural inflation Eq. (12) and for hilltop inflation Eq. (20) which relate ns, r
and α. We have also given an inequality Eq. (23) for large field models defined by Eq. (21).
We find that the running of the spectral index α as well as the tensor-to-scalar ratio r is
the key observables to discriminate monomial models from natural/extranatural inflation
models. We should emphasize that ns and r without using α monomial models cannot
be discriminate from natural/extranatural inflation unless we assume the power index of
monomial potential and the e-folding number N . Even for smaller r, (r, ns) of natural
inflation with larger N can overlap with monomial with lower N . We stress that N is not
8
a measurable quantity.
It would be interesting to extend such relations to other large field models, such as
polynomial models, but that would involve the running of α. It would also be interesting to
investigate inflation models with non-canonical kinetic terms. We hope that our consistency
relations would help to pin down the inflation model.
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